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Abstract 

We show a non-existence result for some class of equivariant maps between 
sphere bundles over tori. The notion of equivariant i^O*-degree is used in the 
proof. As an application to Seiberg-Witten theory we have a new inequality 
&2~P0 — — sign(X)/8 + c(X) + e{X) for a connected closed oriented spin 
4-manifold X with indefinite intersection form, where c{X) is a non-negative 
integer determined by the quadruple cup product on H 1 (X; Z) and some maps 
in K O-theory induced from the Albanese map of X, and where 1 < e(X) < 3. 

1 Introduction 

Let R be the 1-dimensional real line with the linear involution — 1 and let R p = 
R® p . The involution on R then induces an involution on the n-dimensional 
torus T n = (R/Z) n , so it is a Real space |2j. Fix an non-negative integer 
/. We denote by Vq, Wq the product vector bundles r x R 1 , T x ~R x+l 
respectively. The diagonal actions on Vq, Wq give lifts of the involution. 

Let V\ and W\ be symplectic vector bundles over the Real space T n in the 
sense of Dupont JT]; each of them is defined to be a complex vector bundle 
together with an anti-linear lift of the involution such that its square is —1 on 
each fiber. Since the symplectic action defines a quaternionic structure on the 
fiber over a fixed point, the rank of symplectic vector bundles over T n should 
be even. We thus denote rankest — rankcWi = 2k. 

Let Pin - (2) be the subgroup of Sp(l) generated by U(l) and j. Then the 
quotient Pin~(2)/f7(l) is isomorphic to {±1}, so we regard Vq, Wq as Pin~(2)- 
equivariant bundles. We define Pin - (2)-actions on V\, W\ by using complex 
scalar multiplication and the symplectic action. Then our purpose of this 
paper is to give a necessary condition for the existence of a Pin - (2)-equivariant 
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fiber-preserving map from the sphere bundle S(Vq © V\) to the sphere bundle 
S(Wq © Wi), or equivalently the existence of a proper Pin" (2)-equivariant 
fiber-preserving map from Vq © V% to Wq © Wi, under some assumptions. To 
state our main theorem we prepare some notations. 

Let Ksp(T n ) be the Grothendieck group of symplectic vector bundles over 
T n , so we consider the difference [VjJ — [WjJ as an element in Ksp(T n ). We 
now introduce a set of invariants to characterize it. 

For each subset S C {1, • • • ,n} we put R 5 = Map (5, R) and induce the 
Real structure on fl s from R. Then R 5 is isomorphic to ~R) S \, where is 
the the cardinal number of S. We also have the Real torus T s = Map(<S, T 1 ), 
which is isomorphic to T' S L Let tt$ : T n — ► be the projection and is : 
R 5 — > an open {±l}-equivariant embedding onto an open neighborhood of 
the origin. Then, as we shall show later, the following map is an isomorphism: 

<s(is)l : Ksp(R s ) - Ksp(f n ). 

Sc{l,-,n} S 1 

Thus [Vi] — [Wi] G Ksp(T n ) is determined by the corresponding components 
05 G i^sp(R s ). By the Bott periodicity theorem in i'Tsp-theory (see also 
Section^ we see Ksp(R s ) ^ Z if \S\ =0,4 (mod 8), Ksp(R s ) ^ Z/2 if 
|5| = 2 or 3 (mod 8), and in the other cases Ksp(R s ) = {0}. 

In this paper we investigate the case as = for any nonempty set S with 
\S\ = mod 8. From now we assume it. Then the quantity as for S with 
1 5 1 =0,4 (mod 8), which we consider as an integer, can be detected by the 
Chern character: 

ch(Fl) - ch(Wi) = 2k+ a s f\dC £ H*(f n ;Z), (1) 

Sc{l,-,n},|S|=4 i&S 

where (£1, • • • , £ n ) is the coordinate of R n . 

Let as be the mod 2 reduction of as, i.e. as = as (mod 2) G Ksp(R s ) © 
Z/2 = Z/2. Let X\, ■ ■ ■ ,X n be indeterminates. For each S C {1, • • • ,n} we 
define an integer Ns by the equation 

n (i-2jjx<)= ^ iv^n^ m ° dj ' 

|S|=2,3,4,as^0 «£5 Sc{l,-,n} i£S 

where I is the ideal generated by Xf — Xi (1 < i < n). Combinatorially Ns 
is the sum 

N s =Y, N (S,m)(-2r, 

m>0 
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where N(S, m) is the cardinal number of the set 

{{Si, • • • , S m } | \Si\ = 2, 3 or 4, a Si ^ (1 < % < m), S = Sx U • • • U S m }. 

For S with iVs / we denote by ds the maximal power in 2 which divides 
N S . 

Theorem 1. Assume I > and as = /or any nonempty set S with \S\ = 
mod 8. Suppose there is a proper Pin - (2)-equivariant fiber-preserving map 
from Vq ® V\ to Wq © W\ which induces the identity on the base space T n and 
whose restriction to Vq is given by the standard linear inclusion R x — > Tl x+l . 
If S C {1, • • • , n} satisfies \S\ = even, N$ ^ then we have 

l>2k + \S\-2d s + e(k + d s , I), 

where 
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We apply Theorem^ to Seiberg-Witten theory \2jo\ by using the argument 
in [12] • Then we have the following theorem, which is our motivation. The 
detail of the proof will be given in Section [TUl 

Let X be a connected closed oriented spin 4-manifold with indefinite inter- 
section form. Let IndUD be the index bundle of Dirac operators parameterized 
by the Jacobian torus Jx = H 1 (X;'R)/H 1 (X;Z). We induce an involution 
on Jx from the linear involution on // 1 (X;R) and define a symplectic action 
on Ind ID by the simultaneous action of the involution on Jx and scalar mul- 
tiplication by j £ H on the spinor bundle of X. Thus we consider IndD as 
an element in Ksp(T n ^). Take a basis x\, • • • ,x n of H X (X;Z) (n = h(X)) 
to identify Jx with the Real torus T n . From the above discussion we then 
obtain the invariant as £ KSp(R s ) for each S C {1, • • • , n}. 

When IS" | = 4 the cohomological formula of the index theorem i6. shows 

a s = ±(l[x i ,[X}). (2) 

When | SI = 2 or 3 we can describe as by using the the Albanese map 
p : X — » T n = Hom(ff 1 (X; Z), R/Z): The composition of the maps 

Z - KO\ s \YL s ) H x KO\ s \T s ) n -k KO\ s \T n ) 

C KO^ (X) X KO lsl+ \pt) Z/2 (3) 
is zero if and only if as = 0, where i : X — > pt is the constant map. 
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Theorem 2. Let X be a connected closed oriented spin A-manifold with in- 
definite intersection form. Let n = b\{X). Then for each S C {1, • • • , n} with 
\S\ even and N$ ^ 0, we have 

»tm > + \s\ -2d s+ e (-*e£2 + ds , 6 + m ) . 

We take 5 = 0, then Nq = 1, so we get the corollary below: 

Corollary 3. Let X be a connected closed oriented spin 4-manifold with in- 
definite intersection form. Then we have 

Remark 4. Corollary |3] is a small improvement of the inequality obtained in 
|12j . Such an improvement began in ^2]. in the case when — sign(X)/16 = 
2,3 mod 4, Corollary |3] was first shown by N. Minami J2X_ and B. Schmidt 
|23j independently, in which they destabilize a Pin - (2)-equivariant map to 
appeal to a result by S. Stolz in j2S|, while our method is more direct. On 
the other hand, inspired by D. Ruberman and S. Strle |22j . we discussed its 
improvement when b\{X) > in |14| . Theorem 03 which will be given below, 
includes both improvements. 

To get a stronger inequality than Corollary |3] we need to compute ds for a 
nonempty subset S, which includes calculation of some maps in KO-theoiy. 
As discussed in 7 , this cannot be detected by ordinary cohomology theory. 
However we suggest a special case when we can avoid this calculation. 

Let mT 4 be the connected sum of m-copies of the 4-dimensional torus 
T 4 = (R/Z) 4 . If we take the standard basis of i? 4 (T 4 ;Z), it is easy to see 
rank H 4 (mT 4 ; Z) = 4m and N(S max , 4m) = 1 for the maximal subset S max = 
{1, • • • , 4m}. Moreover since S maiX cannot be written as 5 max = Si U • • • U S m > 
(2 < | Si | < 4) with m! < m, we see <is max = m without calculating as for S 
which satisfies \S\ = 2 or 3. Hence we get 

Theorem 5. Let X be a connected closed oriented spin 4-manifold with indefi- 
nite intersection form. If there is an injective homomorphism i : iif 1 (mT 4 ; Z) - 
H l {X;'L) which satisfies 

(i(x)L(y)i(z)i(w), [X]) = (xyzw, [mT 4 ]) mod 2 

for any x,y,z,w G i? 1 (mT 4 ;Z), then we have 

bi{ X) > + 2,n +e (- S W + m, (ft*)) • 
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Corollary 6. Let X be a connected closed oriented spin 4-manifold with in- 
definite intersection form. If X decomposes as X = X'(j(mT 4 ) by a closed 
4-manifold X' then the inequality 5m + e(— sign (X)/16 + m, b^{X) — 3m) — 
sign(X)/8 < b£(X) holds. 

This paper is organized as follows: In Section |2] we introduce equivariant 
KO* -degree for G-equivariant fiber-preserving maps between spin G- vector 
bundles for a compact Lie group G. In Section we give some formulae for 
the Euler class, which we need in our calculation. In Section|I]we discuss how 
to calculate the product of elements in KO G (pt). In Section E] we recall Real 
K-theory and symplectic if-theory. Some relations between other i^-theories 
are also discussed. In Section |HJ [7] we carry out calculations in our case. The 
proof of Theorem ^ is given in Section while we prove Theorem El in Section 
[TUl We also show the equations (JTJ, (gj), © hi Section M and ITU1 

2 Equivariant KO*-degree 

We first recall the equivariant ifO*-theoretic Bott class for spin bundles. 

Let G be a compact Lie group. For a compact G-space B we let KOg(B), 
Kg(B) and KSpc(B) be the Grothendieck groups of real, complex and quater- 
nionic G-vector bundles over B respectively. These definitions extend to a 
locally compact G-space B in the usual way |24j . 

Suppose V is a real spin G-vector bundle over a compact G-space B, i.e. a 
triple consisting of a real oriented G-vector bundle V, a spin structure Spin (V") 
on the principal bundle SO(V) of oriented orthonormal frames (for some G- 
invariant Riemannian metric on V), and a lift of the G-action on SO (V) to 
Spin(V). 

If rankF = 4k, the real spinor G-vector bundle S(V) = S + (V)®S~(V) is 
formed from Spin (V) and the irreducible Z/2-graded GZ(R 4fc ^representation 
A 4fe = A+ fc A^,, where G/(R n ) is the Clifford algebra (over R) of the 
quadratic form — (xf +■ ■ on El- We- follow [3J Section 6] to choose the 

Z/2-grading of A^. The Clifford multiplication then defines a G-equivariant 
bundle map 

c:V -^Rom{S + (V),S-(V)). 

For each vector v £ V \ {0}, c(v) is an isomorphism. 

Let V be as above with arbitrary rank. Let m be a non-negative integer 
satisfying m + ranky = mod 8, and R m the product bundle B x R m . 
Then V © R m is naturally again a spin G-vector bundle via the inclusion 
Spin (V) C Spin (V © R m ). The Bott class 0(V © R m ) is then an element of 
KO G (V © R m ) = KO G m {V) and defined by the triple 

[(tt*S + (V © R m ), ir*S-(V © R m ), c)]. (4) 
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where tt : V — * B is the projection. By using the Bott periodicity theo- 
rem (or the Thorn isomorphism theorem) in equivariant KO-theory we 
have the definition of KO G for positive * and KO G m (V) is identified with 
K0 raxikV(yj by thig definition. With this identificat ion we write 

P(V) G KO T G ankv {V) 

for j3{V © R m ). Then the Bott periodicity theorem asserts KO G (V) is a free 
KO G (B)-module generated by /3(V). By the restriction of (3(V) to {0} ©R m , 
we have the Euler class 

e(V) G KO r G ankv (B). 

Let V be again as above with arbitrary rank. We next use a quaternionic 
multiplication on A 8fc+4 compatible with the action of GZ(R 8fc+4 ), so we take 
m! to satisfy m' + rankF = 4 mod 8. Then the bundle S + (V e~R m ' ) (B S~ (V (£> 
R m ) has a quaternionic G-structure and the Clifford multiplication c(v) for 
each vector v £ V \ {0} is quaternionic linear. Thus the G-equivariant KSp*- 

theoretic Bott class 0h{V) G KSp v G nkv+4 (V) is also defined by the triple 
P| together with quaternionic scalar multiplication, if we replace m by ml . 
Note that multiplication by /?h(R 4 ) sends (3(V) to (3n(V). However we use 
the explicit construction of @h(V) later. 

Now we define -fCO^-degree for a proper G-equivariant fiber-preserving 
map between spin G-vector bundles. 

Suppose V and W are two spin G-vector bundles over a compact G-space 
B. Let ip : V — ► W be a proper G-equivariant fiber-preserving map which 
induces the identity on the base space B. The i^O^-degree a v of (p is then 

the element of KO^ !okw ~ Ta!akv (B) defined by the relation 

a v /3(V) = <p m P(W). (5) 

Let Go be a closed normal subgroup of G such that Go acts trivially on B. 
Let Vb, Wo be spin G/Go-vector bundles, which we also regard spin G-vector 
bundles. Let V±, W\ be spin G-vector bundles whose actions of Go are free 
outside the zeros. 

Suppose we have decompositions V = Vq © V± and W = Wo © W\ as 
spin G-vector bundles. Then the fixed point sets of V and W for the Go- 
actions are respectively Vb and Wq, so we have a proper G/Go -equivariant 
fiber-preserving map (fo : Vb - *• Wo as a restriction of (p. Let a,^ be the 

KO h/Go' degTee of 

a^ /3(Vb) = <P*oP{W ). (6) 

We regard KO* G {B) as a KOq, Go (5)-module. We immediately obtain the 
following relations |Hj, [TTj . 
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Lemma 7. 



a (po e(Vo) = e(W )EKO* G/Go (B), 
a v e(Vi) = e{W 1 )a tpo e KO* G (B). 

Proof. Restrict © to B to obtain the first relation. Restrict © to Vq and 
use © to obtain the second relation. □ 
We want to apply this lemma to calculate the KO G -degree. To do so we 
need to determine the Euler class and the product of elements in KO G (B). 
In the next two sections we make preparations for it. 



3 Some properties of the Euler class 

This section consists of two observations on the Euler class. First we discuss 
spin structures on complex or quaternionic G-vector bundles and the Euler 
classes for them. Second we give a formula to calculate the Euler classes for 
complex G- vector bundles coming from the Bott class for a complex represen- 
tation of G. From now on we deal with operations between various equivariant 
-KT-theories. Thus we begin by introducing notation. The following operations 
are elementary: 

1. Let V be a real G-vector bundle over B. Denote by cV = C (8>r V 
the complexification of V. This operation induces a homomorphism 
c : KO G (B) - K G (B). 

2. Let V be a complex G-vector bundle over B. Denote by qV = H ®c V 
the quaternization of V. This operation induces a homomorphism q : 
K G {B) - KSp G (B). 

3. Let V be a complex G- vector bundle over B. Denote by rV the restric- 
tion of the scalars from C to R. We denote by r : K G (B) — > KOg(B) 
the induced homomorphism. 

4. Let V be a quaternionic G- vector bundle over B. Denote by c'V the 
restriction of the scalars from H to C. We denote by d : KSpc(B) — * 
K G (B) the induced homomorphism. 

5. Let V be a complex G-vector bundle over B. Denote by tV = V the 
complex conjugate of V . This operation induces a homomorphism t : 
K G (B) - K G {B). 

6. Let V be a complex G- vector bundle over B. Since the action of G 
commutes with the complex multiplication, V is naturally regarded as 
a complex G x {/(l)-vector bundle. We denote this complex G x U(l)- 
vector bundle by bV. Let b : K G (B) — > K Gx un)(B) be the induced 
homomorphism. 
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7. Let V be a quaternionic G- vector bundle V over B. Since the action 
of G commutes with the quaternionic multiplication, rc'V is naturally 
regarded as a real G x 5p(l)-vector bundle. We denote this real G x 
<Sp(l)-vector bundle by sV. Let i : U(l) — > Sp(l) be the inclusion. Then 
it is obvious i*sV = rbc'V. We let s : KSp G {B) -> KO GxSp {i){B) be 
the induced homomorphism. 

Suppose V is a complex G-vector bundle over a compact G-space B. Let 
A*(V) = A even (y) A odd (F) be the exterior power of V. Then in this paper 
the i^c-theoretic Bott class Pc(Y) G Kq(V) is the triple 

[(^A cven (y),7r*A odd (y),a)], 

where the bundle map 

a : V -> Hom(A even (y), A odd (F)) 

is given by a(v) = v A • — u j- [3]- The Euler class ec(V) € Kq(B) is the 
restriction to the zero. 

Let det V denote the determinant bundle of a complex G-vector bundle 
V. If dety has a square root det(y) 1//2 as a complex G-line bundle then the 
complex G-structure of V canonically induces a spin G-structure on the real 
G-vector bundle rV (see 0). Then the Bott class f3c(V) and the complexifi- 
cation c(/3(rV)) of the Bott class 0(rV) are related by 

c([3(rV)) = det(y)-V 2 0c(V) G ^(7), (7) 

so we have 

c(e(rV)) = det(y)- 1 / 2 e c (V r ) G Kg{B). (8) 

The above argument is obviously applicable to quaternionic G-vector bun- 
dles. However it is insufficient in our application, so we will give its refinement. 

Let V be a quaternionic G-vector bundle over a compact G-space B with 
rankn^ = n. We first show that there is a natural spin G x Sp(l)-structure 
on the real G x 5p(l)-vector bundle sV. Let Sp(V) be the principal Sp(n)- 
bundle of orthonormal frames for some G-invariant quaternionic metric on 
V. The principal S'0(4n)-bundle SO(sV) is then G x 5p(l)-isomorphic to 
(Sp(V) x Sp(l) x SO{An))/{Sp{n) x Sp(l)), where the action of Sp(n) x Sp(l) 
on S , 0(4n) is factoring through the homomorphism 

Sp(n) x Sp(l) -» (5p(n) x 5p(l))/{±l} -» 50(4n). 

The lift to Spin (4n) provides a spin G x S'p(l)-structure on sV. 
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On the other hand there is also a natural spin G x {/(l)-structure on 
the real G x [/(l)-vector bundle on rbc'V, since the principal 50(4n)-bundle 
SO(rbc'V) is G x [7(1 ^isomorphic to (Sp(V) x 17(1) x SO{An))/{Sp{n) x 
U{1)) and the action of Sp{n) x J7(l) on SO {An) is factoring through the 
homomorphism 

Sp{n) x U{1) -» 5C/(2n) x [7(1) -» {SU{2n) x [7(1))/{±1} -» ,SO(4n). 

Let i : £7(1) — > S'p(l) be the inclusion. Then from the above constructions 
the spin G x U (l)-structure of i* sV is obviously isomorphic to that of rbc'V. 
Moreover under the canonical trivialization detc'V = B X C2 n {t) the spin 
G x [/(l)-structure of c'V is isomorphic to the one obtained from the square 
root (detc'F) 1 / 2 = B x C n (t), where C n (i) is the one-dimensional complex 
representation of U{1) with weight n. Hence we use (JEJ to get 

Proposition 8. Let V be a quaternionic G -vector bundle over B with rankn^ = 
n. Then we have 

c{e{i*sV)) = C_ n (t)e c (6cV) G K GxU{1) {B), 

where i : U{1) — ► S'p(l) is t/ie inclusion. 

Now we let 7 be a complex representation of G. Then the map a gives 
an isomorphism between the product G- vector bundles V \ {0} x A even (V) 
and V \ {0} x A odd (y). If we regard a as a trivialization of V x A cvcn (U) 
over V \ {0} then we obtain a complex G-vector bundle V + as an extension 
of V x A even (y) to the one-point compactification V U {oo} of V, namely 
the G-sphere. If we exchange A even (V) for A odd {V) and replace a by a^ 1 , 
we obtain another complex G- vector bundle V~ over V U {oo}. Under the 
canonical decomposition Kq{VU {oo}) = Kg{{oo}) © Kq(V) these G-vector 
bundles satisfy 

\V+] = [A odd {V)} + Pc(V), [V-] = [A even (V)] - (3 C {V). 

Definition 9. Let xq, x\, ■ ■ ■ ,x n be indeterminates. We define a polynomial 
Hn{xo, x%, ■ ■ ■ , x n ) by the identity: 

\<i<n 

n (i-^n^)- n u-x n>)- 

SC{1,- ,n},|5|:even i&S Sc{l,- ,n},|5|:odd i&S 

For instance [i\ = ^2 = — xq and ^3 = — xq + XqX\X2X$ . 
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Proposition 10. Let L±,--- ,L n be complex 1- dimensional representations 
of G and V = L\ © ■ ■ ■ © L n . Let Lq be another complex 1-dimensional 
representation of G. Then we have 

e c (L ® V+) = e c (L ® A odd (V)) + /x„(L , L u ■ ■ ■ , L n )f3 c (V), 
e c (L ® V~) = e c (L ® A cvcn (V)) - fi n (L , L u ■ ■ ■ ,L n )(3 c (V). 

Proof. We introduce an action of U(l) n+l on Lj via the i-th projection from 
U(l) n+1 to U(l) and multiplication (0 < i < n). Since the action of G on 
Li factors through a homomorphism G U(l) U(l) n+1 , it is sufficient 
to show our formula in Kun\ n +i(V U {oo}). By the Bott periodicity theorem 
K u{1) n+i(V U {oo}) is freely generated by 1 and (3 C (V) as a R(U(l) n+1 )- 
algebra, so we can write ec(£o ® ^ + ) as 

e c (L ®V+) = a n + (3 n (3c(V) 

for some a n ,[3 n G i?(C/(l) n+1 ). Restricting this equation to oo and 0, we get 

a n = e c (L ®A odd (V)), 
P n e C (V) = e c (L ® A cven (y)) - e c (L A odd (V)). 

Since the representation ring R(U(l) n+1 ) has no zero-divisor, we have f3 n = 
[i n (Lo, Li, ■ ■ ■ , Ln). We can compute the Euler class ec(Lo ® V~) in the same 
way. □ 
Here we suggest a method to calculate the polynomial fi n (x,l,--- , 1), 
which will be appeared in our application. Although we shall not need its 
explicit form in it, it may be helpful in understanding this polynomial. 

Definition 11. Let v n {x) be the polynomial defined by 

v n {x) = -(1 - xf n 1 s n - 1 (x), s Q (x) = x/(l - x), s n (x) = xs'^^x). 

Proposition 12. The identity fi n (x, 1, • • • , 1) = u n {x) holds for any n. 

We give a geometric proof although the identity is purely algebraic. Then 
the above proposition is clearly equivalent to 

Proposition 13. Suppose V is the trivial n-dimensional representation of G. 
Let L be a complex 1-dimensional representation of G. Then we have 

e c (L ® V + ) = e c {L® A odd (V)) + v n (L)/3c(V), 
e c (L®V~) = e c (L ® A cvca (V)) - v n (L)(3 c {V). 



10 



Proof. We use some operations in /T-theory (cf. Let X t [L ® F + ] = 

E"=o ® G 1 + lf G (V U {oo})[[t]]. Then we have 

e c (L ® y+) = A_i[L ® = (X t [L ® A odd (V)]A 4 [L ® /3 c (F)])| t= _i- 

Let -0 fc be the Adams operation. We write = L ® f3c(V). Then ^ fc (PF) = 
k n L k Pc{y) and the formal power series ipt(W) = YlkLi t 'ip (W) is computed 
as ih(W) = s n {tL)(3 c {V) by using s n (x) = l n x + 2 n x 2 + ■■■ + k n x k + ■■■. By 
the Newton formula (cf. Chapter 13 of ^H]), the differential equation 

1>-t(W) = -t\' t (W)/\ t (W), X (W) = 1 

determines At(W) uniquely, so we obtain A*(W) = 1 — s n -i(—tL)(3c(V). 
By Proposition ITU1 the coefficient of PciY) must be —v n (L) for ec(Lo ® 



4 Calculations of the products 

Let G be a compact Lie group. For a real irreducible representation space V 
of Gr, the ring End G (V) of the G-invariant endomorphisms is a field. We have 
the following three cases. 

• Real case: End G (V) = R. We denote by Itr. the set consisting of these 
representations. 

• Complex case: End (V) = C. We denote by Ire the set consisting of 
these representations. 

• Quaternionic case: End G (V) = H. We denote by Jrn the set consisting 
of these representations. 

Then any real representation W of T can be naturally decomposed as 

V ® EndG(y) Hom G (y, W) U. 

v e i> F ,F = R,C,H 

Thus this decomposition still holds for a G-vector bundle W if the action of 
G on the base space B is trivial. Hence, as shown by Segal |24j . if we fix an 
isomorphism End G (V) = F for each V £ Irp and F = R, C,H, we have a 
canonical decomposition: 

KO q G (pt) Z/r R © K0 9 (pt) © Z/r c © i^ 9 (pt) © Z/r H © A"5p ? (pt), (9) 

which extends to the case q > by the Bott periodicity theorem. 

We should remark that two different choices of isomorphisms End G (V) = 
F give different isomorphisms in @ only when F = C. From now on we fix 
an isomorphism End G (V) = C for each V £ /ro- 
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For our later use we fix generators of KO q (pt), K q (pt) and KSp q (pt) in 
the following way: Put 

Pn,sk = /?(R 8fc ) E KO sk (pt) = Z, 
Pc,2k = Pc(C 2k )eK 2k ( P t)^Z, 
Pn,8k+4 = /? H (R 8fe+4 ) E KSp 8k+4 (pt) = Z. 

Then /?R i8 fc+4 = rc'/3 H ,8fc+4 and /3 H ,8fc = qcfin,8k are also generators of 
K0 8k+A (pt) = Z and A"5p 8fc (pt) = Z respectively. 

Let /3 R , 8fc+4 G iTO 8fc+4 (pt) = Z/2 (i = 6,7), /3 H ,8fc+ 4 € !TSp 8fe +*(pt) = Z/2 
(i = 2, 3) be the generators. 

Remark 14. In our convention we have the following relations (cf. (Sj). 



C/?R,8fc 


= /?C,8fc> 


c Pn,8k+A 


= 2/3c,8fc+4i 


r(3c,8k 


= - hi. si,- 


r(3c,8k+4: 


= /?R,8fc+4, 


c'/?H,8fc+4 


= Pc,8k+4, 


c Pn,8k 


= 2/3c,8fc; 


tPc,2k 


= (-l) k Pc,2k, 






/?R,8fc+6 


= r/3c,8fe+6, 


/?H,8fc+2 


= <?/3c,8fc+2, 


Pu,8(k+l)+2 


= /3r,8/c+6/?H,4, 


0H,8(fc+l)+3 


= /3r,8A:+7/?H,4 


/?R,8(fc+l)+6 




/3h,8(A;+1)+2 


= P~R,8k+7Pu,3 



Let V E /rp. If i^F 9 (pt) is nontrivial, we define 

[V] q = [V] fc >q G ZIr F © KFHpt) C KO Q (pt), (10) 

where isTR = KO, KC = K and KH = KSp. Then by the decomposition 
(JHJ) any element in KO q G {Y>t) can be uniquely written as a linear combination 
of [V] q for V G Ir-p with KF 9 (pt) nontrivial, where F = R, C or H. We 
should note that 

[V] 2 = [V] qp c ,2 = [c'V] /3 C ,2 = [c'V] 2 , if F = H, 
Me = [V] r/3 c ,6 = [cV] fcfi = [cV] 6 , if F = R. 
We want to calculate the product 

KO p G (pt) x KO* G (pt) - ^ +9 (pt). 
under the decomposition Q . To do so we use the canonical isomorphisms : 

i + r + rc'i: ZIr n © ZIr c © ZIr H -> RO(G), 
ci + i + ti + c'i : ZIr R © ZIr C © ZIr C © Z/r H -> -R(G), (11) 
qci + qi + i: ZIr n © Z/r c © Z/r H -> RSp(G), 

where i : Z7r F -> RF(G) is the inclusion and i?R = i?0, i?C = R, RH = 
RSp. Note that we used the fixed isomorphism End (V) = C for V G Ire- 
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Lemma 15. The complexification map c : KO^ffat) — ► K^ fc (pt) = R(G) is 
given by 



Moreover the kernel of c coincides with the torsion subgroup. 

Proof. Let V £ Ir-p. When F = R or C, this easily follows from Remark 1141 
When F = H, we use the fact that C ® R A 4 = A*(C 2 ) ® c H as Z/2-graded 
C(8>rC7(R 4 ) (8>rH- modules. (Compare the complex Spin (4) x Sp(l)-modules 
coming from the inclusions Spin (4) C C7(R 4 ) and Sp(l) C H.) Then we 
have c([V] Ph.,4) = [c 7 ^] Pc,4- ^he second isomorphism in (|TT|) guarantees the 
kernel of c is in the torsion subgroup. □ 
This lemma asserts when p + q = (mod 4) the product can be computed 
from the complex representation ring of G. The other cases can be computed 
as follows: 

We first note that the definition (|10jl obviously extends to any element 
[V] £ RF(G) by using the tensor product over F, thus we get an element 
[V] q £ KOg(pt), if i^F 9 (pt) is nontrivial. To decompose [V] q according to 
Q we again use the isomorphisms (jllj) . 

Lemma 16. Let [V] £ KF(G) be decomposed as 



c[V] 2k 




[V] + (-l) k [tV], V £ Ire 

(2[cV], V£lr R , 
\[cfV], V£lr H . 



V R + rV c + rcV H , F = R, 

[V] = IcVr + V c + W' c + c'Vn, F = C, 
K qcV K + qV c + Vn, F = H, 




[V} 7 = [V R } 7 , F = R. 
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Moreover since d : Ksp 2 (pt) -► K 2 (pt), c : K0 6 (pt) -► i^T 6 (pt) are obviously 
the zero maps, we have 

[?Vb] /?H,2 = [Vc] C'/? H ,2 = 0, 

[rV c ] /?r,6 = [Vc] c/3r, 6 = 0. 

Then the identities for [F] 2 and [V]6 immediately follow. The other cases are 
trivial. □ 

Lemma 17. Let Vq G Ir-p and V\ G 7rF 1 . T/ten i/ie products [Vb]o[Vi]2> 
[Vo]o[Vi]6, [Vb]4[Vi]2 wici [Vb]4[Vi]6 are given 6j/ i/te tables below, where the 
symbol <g) m i/ie tables means the tensor product over C. 



Table 1: [Vo]o[Vi] 2 





F x 


= C 


F x 


= H 


F 


= R 


[cV 


8) Vl] 2 




S>cVi] 2 


F 


= C 




§vi] 2 


[Vo<2 


)c'Vl] 2 


F 


= H 


[c% 


® Vl] 2 


[c'Vq C 


g)c'Vl] 2 



Table 2: [Vo]o[Vi] 6 





Fi 


= R 


Fi 


= C 


F 


= R 


[cVoC 


S> cVl] 6 


[cVo 


S> Vi] 6 


F 


= C 




5 cVl] 6 


[Vq£ 




F 


= H 




8 cVi] 6 


[c'Vo 


® vi] 6 



Table 3: [Vb] 4 [Vl] 2 







Fx = C 


Fi 


= H 


F 


= R 




2[cVo® Vl] 6 







F 


= C 


[Vol 


5 Vi] 6 + [tV <g> Vi] 6 







F 


= H 




[c'Vq ® Vl] 6 


[c'Vo 


S> c'Vl] 6 



Proof. Let F = Fi = R. Then 

[Vb]o[Vi] 6 = [V R Vi] r/3 c , 6 = [cV 0c cVy] 0c,6 = [cV C cVy} % . 

14 



Table 4: W0UW1U 





Fi = R 


Fx = C 


F 


= R 





2[cVb <g> V x \ 2 


F 


= C 





[V Q ® K] 2 + [tVb ® Fi] 2 


F 


= H 




[cV ® Vl] 2 



The other cases in the tables of [Vo]o[Vi]2 and [Vo]o[Vi]6 also follow from the 
relations (3r£ = rficfi and Pn,2 = Q^C,2 in Remark ITU 

We next consider the tables of [Vb]4[Vjj2 an d [^o]4[^i]6- Now fix the 
canonical isomorphism Cl(R 4 ) ® R Cl(R 4k+2 ) C7(R 4fe+6 ) as Z/2-graded 
R-algebras j5J. 

Let Fo = R. Counting dimension shows 

A 4 ®r A*(C 2fc+1 ) ^ A*(C 2fc+3 ) A*(C 2fc+3 ) 

as Z/2-graded C7(R 4fc+6 ) <8>r C-modules. Thus, for instance if F\ = R, we 
obtain 

[VoWih = [cV 0c Vi] 2r/3 c ,io = 0. 

Let Fo = H. If we consider A4 as a Z/2-graded quaternionic C7(R 4 )- 
module, we see 

A 4 ® R A*(C 2fc+1 ) = H ®c A*(C 2fc+3 ) 

as Z/2-graded H®RCZ(R 4fc+6 )(g>RC-modules. (Compare the complex Sp(i) x 
Spin (4k + 6)-modules coming from the inclusions Sp(l) C H and Spin (4k + 
6) C C7(R 4fc+6 ).) Thus, for instance if F x = R, we obtain 

[VbMVile = Wo ®R Vx] qpc,w = [c'Vq ®c cVy] 0c,io = [c'Vo ®c cVl]i , 

where we induce an H-action on Vq ®r Vx from that on Vq . 
Let Fo = C. In this case we have 

A* ((C) 2 ) ® R A*(C 2H1 ) ^ C R A*(R 2 ) R A*(C 2fc+1 ) 
C ® R A*(C 2fc+3 ) A*(C 2fc+3 ) tA*(C 2fc+3 ) 

as Z/2-graded C (8>r C7(R 4fc+6 ) (8)r C-modules, where C is a copy of C, and 
where C acts on iA*(C 2fc+3 ) via scalar multiplication on C, while C acts on 
iA*(C 2fc+3 ) via complex conjugation. Thus if we identify C with C by the 
complex conjugation then the map 

a : (C'f C 2k+1 -► Hom(A even (C 2fc+3 ), A odd (C 2fc+3 )) 
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defined in Sectional is complex linear. However the complex conjugation on 
(C) 2 is homotopic to the identity in SO{(C') 2 ). (This fact can be also used 
to show tPc,-4 = Pc,—4-) Hence, for instance if Fi = C, we have 

faUfaUfc+2 = fa ®C Vx) (3cAk+6 + [tV ®C Vi] /3 C ,4fc+6 
= fa ®c ^l] 4 fc+6 + [tV ®C 

The other cases also follow from the relations /3r 5 6 = r/?c,6 and /?h,2 = lPc,2- 

□ 

The only remaining nontrivial case to be calculated is 

XO«+ 3 (pt) x KO%(pt) - KO A ^ + \ V t). 

Lemma 18. Let Vq E Irp and V\ £ Irp 1 . Then the products fa]3fa]g 
and \yo]y[Vi]g are given by the tables below, where if Fq = Fi = H then 
Vo®nVi is regarded as a real representation ofG, and «/(Fq,Fi) = (H, R) or 
(Fo,Fx) = (R, H) then Vo <8>rVi is regarded as a quaternionic representation 
ofG. 

Table 5: fa] 3 fa] 9 



F 


= H 


Fi 


= R Fi = C 


Fi = H 


Q 


= 


fa§ 


5r VS] 3 fa ®r rK] 3 


fao ®r rcVi] 3 


q 


= 3 







fa ®H ^l] 6 


q 


= 4 







fa ®h ^i] 7 


q 


= 7 


fas 


?R Vt] 2 











Table 6: falrfaL 




F 


= R 


Fi 


= R Fi = C 


Fi = H 


q 


= 




Dr^i] 7 [Vb®RrK] 7 


fao®R rdVi] 7 


q 


= 3 







[V Q ®R Vy] 2 


q 


= 4 







[Vo ®R Vi} 3 


q 


= 7 


fa§ 


5r ^i] 6 






Proof. We prove some in the tables and the others will be left to the reader. 

Let F = R. Since /3r,7/3r, 7 = Pk,8+6, /3rj/?h,4 = Ph,8+3, and /3r,7/3 h ,3 = 
/5h,8+2 by Remark ITU if Fi = R then we have fa] 7 fa]7 = fa ®r V\]q, and 
if Fi = H then we have [^fak = [V ® R V^, [Vb] 7 fai] 3 = fa ®R Vih- 
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Let Fo = H. We fix the canonical isomorphism C7(R 4 ) <8>r C/(R 4 ) = 
C7(R 8 ) as Z/2-graded real algebras and consider A4 as a Z/2-graded quater- 
nionic C7(R 4 )-module. Then we have 

A 4 ®r A4 = H ® R A 8 

as Z/2-graded H(8>rC7(R 8 ) ®R,H-modules, where H in the right hand side is 
regarded as the quaternionic bimodule by multiplication from the both sides. 
Thus if Fx = H, we have [Vols^ik = [V H Vi] 7 and [V Q ] 3 [Vi] 3 = [V ® H V x ] & 
since /3r i7 /?r j7 = /?r, 8 +6- □ 



5 Real and symplectic i^-theory 

In this section we briefly review Real and symplectic K-theory. We also discuss 
natural maps between other if-theories, which will be used to construct spin 
Pin - (2)-vector bundles later. 

Let B be a compact Real space, i.e. a compact space with involution. 
By the definition in || a Real vector bundle V is a complex vector bundle 
V together with an anti-linear lift of the involution with its square equal to 
1. We let KR{B) be the Grothendieck group of Real vector bundles over 
B. According to Dupont a symplectic vector bundle V is defined to be 
a complex vector bundle V together with an anti-linear lift of the involution 
with its square equal to —1. We let Ksp(B) be the Grothendieck group 
of symplectic vector bundles over B, so that KM(B) = KR(B) © Ksp(B) 
becomes a Z/2-graded ring in the obvious way. These definitions then extend 
to a locally compact Real space B in the usual way. In the following we denote 
by —1 the involution on B and regard B as a {±l}-space. 

1. Let V be a quaternionic {±l}-vector bundle over B. Then the simulta- 
neous action of —1 and j £ H on V defines a symplectic structure on 
V. We denote by aV this symplectic vector bundle. Thus we obtain a 
natural homomorphism a : KSpr±xy(B) — > Ksp(B). 

2. Let V be a symplectic vector bundle V over B. From the symplectic 
action and complex scalar multiplication on V we obtain a real Pin - (2)- 
action on V. We denote by i?V this real Pin - (2)-vector bundle. Then 
we have a natural homomorphism •& : Ksp(B) — > KO-p iri -(2){B)- Let 
r : Pin - (2) — > {±1} x Sp(l) be the inclusion defined by r(t) = (l,t) 
and r(j) = (— Then it is obvious t*sV = "QaV for a quaternionic 
{±l}-vector bundle V. 

3. Let V be a symplectic vector bundle over B. If we ignore the symplectic 
structure on V, we get a complex vector bundle over B, which we write 
as kV. Then we obtain a natural homomorphism k : Ksp(B) — ► K(B). 
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Remark 19. The groups KSp(B) and Ksp{B) are similar in notation. How- 
ever the latter is defined only for a Real space B, and when the involution on 
B is trivial KSp(B) is naturally isomorphic to Ksp(B). 

Let RP'i = R^eRP. We suppose p = q (mod 8) and denote by /3 C (R P ' 9 ) E 
KR(R p ' q ) the Bott class defined in [3]. Then the argument in [IJ Theorem 6.3] 
shows that multiplication by (3c (R p ' 9 ) induces an isomorphism KM(B) — ► 
KM(B x RP'9). 

Now we recall some results in [TT]- Let /? H (R 8fc+4 ) E ifSp {±1} (R 8fc + 4 ) be 
the Bott class, so £j/? H (R 8fc+4 ) E i^sp(R 8fe+4 ). Then by the uniqueness (up to 
grading) of the irreducible Z/2-graded module for the Real Clifford algebra as- 
sociated to R 8fc '° = R 8fc (see (2 Section 4]), we see the square (cr/3 H (R 8/c+4 )) 2 
coincides with /?c(R 16fc+8,0 )- Thus multiplication by <t/?h(R 8A:+4 ) induces 
isomorphisms 

KR(B) Ksp(B x R 8fc+4 ), Ksp(B) -► ##(5 x R 8A;+4 ). 
Combining them with the periodicity isomorphisms 

KR{B x Rff) 9* ^#(5 x RS^.s™-?) RR(B x R 8m ~ 9 ) 9* KO q (B), 
we have the following lemma 

Lemma 20. XYie group Ksp(R n ) is non-trivial only in the cases 

Ksp(R 8k ) Ksp(R, 8k+4 ) Z, Ksp(R 8k+2 ) Ksp(ii 8k+3 ) Z/2Z, 

and i/iey are respectively generated by 

[H]/? c (R 8fc '°), a/3 H (R 8fe+4 ), i^ +2 a/3 H (R 8fc+4 ), ^ +3 W3 H (R 8fe+4 ), 

w/iere i 9 : R 9 x {0} -> R 8fc+4 (g = 8£; + 2,8/c + 3) is the inclusion. In addition, 
we have 

^/3 H (R 8fc+4 ) = /?C,8fc+4. 

6 Irreducible representations of T 

In this section we list up some properties of real irreducible representations of 
the group T obtained as a central extension of Pin" (2) by the group of order 
2. 

Definition 21. Let C4 = (j) be the cyclic group of order 4 generated by j. 
We define an action of C4 on f7(l) by j(t) = t^ 1 and denote by G the semi- 
product C4 x U(l). Then the quotient group G/{1, (j 2 , —1)} is isomorphic to 
Pin- (2). 
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We have the exact sequence 

1 -► 17(1) -> r -> C 4 -> 1 

and the center of T consists of the four elements {±1, (j 2 , ±1)}. We write 
t = (l,t),f = (f,l) below. 

Lemma 22. The real irreducible representations ofT are classified as follows : 

1. R: the trivial 1- dimensional representation, on which we have 

t = j = id . 

2. R: the non-trivial 1- dimensional representation, on which we have 

t = id , j = —id . 

3. Co-' the 2 -dimensional irreducible representation of C4, on which we 
have 

t = id , j = \/^lid , 
where we identify C mi/i £/te complex numbers. 
4- D m (m > 1): i/te 1-dimensional representation that satisfies 

tr(t\B m )=t m + t- m , tr(j\D m )=0, i 2 = id . 

5. H m (m > 1): the A- dimensional representation that satisfies 

tr(t\U m )=2(t m +t- m ), tr(j\U m )=0, j 2 = -id. 

For m = we define Do and Ho to be 

D :=R©R, H := C ©C 

so that the defining properties of C m and H m are still satisfied. 

Lemma 23. 1. The real irreducible representations o/Pin~(2) are R, R, T>2n 
and H2n-i for (n > 1). 

2. The real irreducible representations of C4 are R, R and Co- 

Proof. The latter part is obvious. The former part is a consequence of the 
following observation. The irreducible representation of T is that of Pin - (2) 
if and only if the action of j 2 coincides with that of — 1 G £7(1). □ 
For an irreducible representation space V, the ring End r (y) of the T- 
invariant endomorphisms is a field. We have the following three cases. 
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• Real case: End r (V) = R for V = R,R and D fc (k > 1). We denote by 
-Ztr, the set consisting of these representations. 

• Complex case: End r (V) = C for V = C . We denote by Ir c the set 
consisting of this representation. 

• Quaternionic case: End r (^) ^ H for V = U k (k > 1). We denote by 
-Zth the set consisting of these representations. 

To obtain the decomposition © for T we need to fix an isomorphism 
End r (F) = C for each V € Ire- in our case the only element in Ire is Co- 
To fix an isomorphism End r (Co) — C we use the identification of Co with 
the complex numbers in the definition of Co- Then we have 

Corollary 24. There are canonical isomorphisms 

oo oo 

KO^pt) z[R] e z[R] e z[D m ] e z[c ] e z[H n ], 

m=l n=l 

oo 

KOUpt) = Z[C ] 2 Z/2[H m ] 2 , 

m=l 

oo oo 

KOUpt) * Z[R] 4 Z[R] 4 e Z[D m ] 4 © Z[C ] 4 © Z[H n ] 4) 

m=l n=l 

oo 

KOHpt) = Z/2[R] 6 © Z/2[R] 6 © Z/2[D m ] 6 © Z[C ] 6 . 

m=l 

The following first two tables describe the tensor product of the irreducible 
representations over R or C, from which we use Lemma lTf)! H7l to get the table 
of the product of elements in KO^(pt) below. 



Table 7: Tensor products over R 



v 


Vi 


V ®R VI 


R 


R 


R 


R 


rC 


rC 


R 


D m 


D m 


R 


rc'H m 


rc'Hm 


rC 


rC 


2(R©R) 



rC 


D m 


rc'H m 


rC 


rc'H m 


4D m 


D m 


D n 




D m 


rc'H n 


rc '(H|n-m| © H n+m 


7*C H//| 


rc'H n 


4(D| n _ m | © D„ +m ) 
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Table 8: Tensor products over C 



V 


v 1 


V^o ® c V l 


cR 


cR 


cR 


cR 


C 


tC 


cR 


tC 


C 


cR 


cD 


cD 


cR 


c'H m 




Co 


Co 


cR 


tC 


Co 


cR 



C 


cD 






c'H 

- L - L m 


tC 


cD 






c'H m 


C 








2cD m 


tC 


r'H 

J -- L m 






2cD m 


cD m 


cD n 


c 


'P\n- 


-m| © D n _j_ m/ 


cD m 


c'H n 


d 


( H |n 


— m| © H n _|_ m 


c'H m 


c'H n 


c 




-m| © D n _(_ m/ 



7 Calculations of the Euler classes 

Let C(j) be the complex representation of C4 that satisfies tr(J\Cu-\) = tr(j\Ci) 1 . 
Then the irreducible complex representation of O4 consists of C( ), Cm, C( 2 ) 
and C( 3 ). 

Definition 25. We put a spin C^-structure on R 2m = R© 2m and a spin 
Pin - '(2) -structure on H™ = H® m in the following way: 

• The representation Cm gives a square root of the action C4 on C( 2 ), 
which induces a spin ^-structure on rC( 2 ) = R 2 . 

• The Pin - (2)-action on Hi factors through the homomorphism Pin - (2) C 
Sp(l) = Spin (3) — > 50(4). Hence the lift to Spin (4) gives a spin 
Pin~(2)-structure on Hi. 

• We put a spin 04-structure on R 2m and a spin Pin - (2)-structure on H™ 
as the direct sums of R 2 and Hi respectively. 

Then by the formulae 0, (jHJ) we have 

c(/3(R 2 )) = [C (3) ]/3c(C {2) ), c(e(R 2 )) = [C {3) ] - [Cm]. 

Since K0 2 Ci (pt) * Z[C ] 2 , K% t (j>t) R(C 4 ) and c[C ] 2 = [Cm] - [C (3) ] by 
Lemma IT^l we use Table 9 to obtain 

Lemma 26. Consider the above spin O4- structure on R 2m . T/ien we have 
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Table 9: Table of [VoUVils 





rvii 






[Cnlo 
[ v - y 0J2 




L^0j2 








-[^oj2 


[Cnl 


[ v - y 0J2 




n 
U 




cm 




[XT 1 


[H 1 


Cn o 




o 


[R] 


[H m ] 2 




[H m ] 2 


[R] 


[H TO ] 2 




[H m ] 2 


[Co] 


[H m ] 2 







[Dn] 


[H m ] 2 


[ H K 


-m|]2 + [H n+m ] 2 


[C ] 2 


[C ] a 




R] 4 — [R]4 


[R] 4 


[H m ] 4 




2[H m ] 


[R] 4 


[H m ] 4 




2[H m ] 


[H m ] 4 


[H n ] 4 


4([D, 


n— m|] "I - [D n -(- m ]) 



[R] 4 

[R] 4 

[R] 4 

[R] 4 

[R] 4 

[C ] 4 

[D„] 4 

[H„] 4 

[R] 4 

[R] 4 

[C ] 4 
[D n ] 4 
[H n ] 4 



[R] 4 
[R] 4 
[R] 4 



[Co" 
[Co" 
[Co" 
[Co" 
[Co" 
[Co" 
[C " 
[C " 
[Co" 
[Co" 



4[R] 
4[R] 
4[R] 
2[C ] 6 

-2[C ] 6 




2[C ] 2 

-2[C ] 2 






c(/?(R 2m )) = [C (3m) ]/3c(Cf™) ; c(e(R 2 ™)) = ([C {3) ] - [C (1) ]) m and 

(-l) m/2 2 m - 1 ([R] 2m - [R] 2m ) m = mod 4, 

(_l)(m+i)/2 2 m-i[c ] 2m m=l mod 4, 

(— l) m / 2 2 m ~ 2 ([R] 2m — [R] 2m ) m = 2 mod 4, 

(_l)(^+i)/2 2 m-i[c ] 2m m = 3 mod 4. 



e(R 2m ) = { 



On the other hand the complexification of e(Hi) is 

c(e(Hi)) = [A even (c'Hi)] - [A° dd (c'Hi)] = 2[C (0) ] - [c'Hj, 
by (jHJ) and c : -^Op in -( 2 )(pt) — ► -^pi n -( 2 )(pt) is injective by Lemma so we 



obtain 



Lemma 27. Consider the above spin Pin (2) -structure on H m . T/ien we 
We c(e(Hi)) = 2[C (0) ] - [c'Hi] and 

e(Hi) = [R] 4 - pHi] 4 , 



efHi) 2 " 1 



/ 4:772 \ 

a m [R]+6 m [R]+ V2m-J [D * 



Kt<2m,odd 



l<t<2m,even 

4m 
2m - i 



H t ] + [D 
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where the integers a m , b m satisfy a m - b m = 2 2m , a m + b m = ( 2 ™) . 

Let H + (fe) be the quaternionic {±l}-vector bundle over the {±l}-sphere 
p8fc+4 u jooj which is the extension of the product quaternionic {±l}-vector 
bundle R 8fe+4 x A^, +4 obtained by using the Clifford multiplication c as the 
trivialization of R 8fc+4 x Ag~ fe+4 over R 8fc+4 \ {0}. If we exchange Ag fc+4 for 
Ag fc+4 and replace c by c -1 then we obtain another quaternionic {±l}-vector 
bundle H~(A;). These bundles then satisfy 

[H+(A0] = [A- +4 ] + /? H (R 8fc+4 ), [H-W] = [A+ +4 ] - /3 H (R 8fc+4 ) 

as elements in KSp{±i}(R sk+A U {oo}) (see Section |3J). As shown in Section 
13 we have a natural spin {±1} x Sp(l)-structure on sH =t (A;), so we have a 
spin Pin - (2)-structure on , dall ziz (k) = T*sH =t (/c). In the following the Euler 
class e^H^fc)) 6 if Of^ 2 (2) (R 8fe + 4 U {oo}) will be also denoted e(H ± (A;)) 
for simplicity. 

Remark 28. In the above construction the group Pin - (2) was defined as the 
subgroup of {±1} x Sp(l) generated by {1} x U(l) and (— 1, j). However we 
also used the symbol j S Pin - (2) instead of (— To avoid confusion in 
the rest of this section we denote by jn the element j £ H, while we denote 
by J4 the element (— 1,j'h) £ Pin - (2). Thus C4 is the subgroup of Pin~(2) 
generated by j'4. 

Lemma 29. Under the canonical decomposition A^O^t^ (R 8fc+4 U {00}) = 
^0^2)({~})©^0S + _ 2 (2) (R 8fc + 4 ) we have 

e(H + (A;)) = (-[RMHO) 24 * + 7fc /3(R 8fc+4 ), 
e(H-(A;)) = (-e^O) 2 " - 7fc /?(R 8fc+4 ), 

where 70 = — [R], and 7^ G ^^pi n -(2)(P*) — x ) * s m ^ ne subgroup gener- 
ated by [R] 4 + [R] 4 , [C ] 4 , [D 2m ]4 and [H 2m _i] 4 (m > 1). 

Proof. We first consider the action of the subgroup C4 in Pin - (2). The ac- 
tion of j'h £ H then induces a complex {±l|-structure on the quaternionic 
{±l}-structure on H + (/c), so we denote by c"H + (A;) this complex {±l}-vector 
bundle. Let ic 4 '■ C4 —* {±1} x be the inclusion derived from the in- 

clusion r : Pin - (2) — > {±1} x Sp(l). Since the restriction c'Agfc+4 of the 
scalars to C = R © jR is isomorphic to A*(C 4fe+2 ) as Z/2-graded complex 
C7(R 8fc+4 )-modules, we see i* Ci bc"'i5 + {k) is isomorphic to Cm <g) as com- 
plex C4-vector bundles, where V = C^t fc+2 and V + is the complex C4- vector 
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bundle defined in Sectional If we denote by jc 4 ■ C4 — ► Pin (2) the inclusion, 
then from Proposition El EH we obtain 

^ 4 c(e(^H+(/c))) 
= [C {3) f k e c (e Ci bc"U+(k)) 

= [Co)] 2 " (e c (C (3) ) 24fc+1 +^+2(C (1) ,C (2)j ... ,C (2) )/3 c (Cf 2 f +2 )) 

= (-[C (2) ]e c (C (1) ©Co))) 2 " + 7 ^c(Cf4 fe+2 ), 

where 7q = — 1 and 7^ G R(C4) is seen to satisfy ir^^) = (A; > 1). 

We next consider the action of the subgroup 17(1). Let it/(i) : U(l) — > 
{±1} x J7(l) be the inclusion. Then z^ 1 ^6c / H + (/c) is isomorphic to Ci(t)®V + 
as complex [/(l)-vector bundles, where V = Co(i)® 4fc+2 . If we denote by 
Ju{i) '■ U(l) — > Pin~(2) the inclusion, we use Proposition |H] to get 

# (1) c( e (ftrfi+(fc))) = [C_ 1 (t)] 24fc e c (^ (1) 6c'H+(A ; )) 

= (-ec(Ci(t) C^(t))f k + 7^c(C (t) e4fc+2 ), 

where = -1 and 7^ G ifO 4 (1) (pt). 

Thus we conclude 70 = — [R] by Lemma [27)1 When > 1, Lemma Hoi can 
be applied to show that the multiplicity of [RJ4 in 7^ should be equal to that 
of JR.] 4, since tr{j^\c{j n )) = tr(ji\^' n ) = 0. The calculation of the Euler class 
e(H~(/c)) is similar. □ 

If we apply Proposition^Jin the above proof, we can compute the quantity 
7fc G -^Op in _^ 2 ^(pt) (k > 1), thus the Euler classes e(H (fc)) inductively. As 
mentioned in Section |3] we do not carry out it. However we need the following 
corollary obtained from Lemma l29l together with Table 9 and Lemma l26l 

Corollary 30. 

e(R 2 )e(H ± (0)) 2 = e(R 2 )e(Hi) 2 G KOl(R 8k+4 U {00}), 
e(R 2 )e(H ± (A;)) = e(R 2 )e(H 1 ) 24 ' s G KO£(R 8fc+4 U {00}) (k > 1). 



8 KO* v (f n ) 

Let A be a T-space. Suppose the T-action is not free. We take a fixed point 
ao in A. Let S be a subset of {1, • • • , n}. Then the T-space A s = Map(5, A) 
can be embedded T-equivariantly into A n by the map 

h S : A s -=+ {(xi, • • • , x n ) G 4 n I Xi = x (i$ S)} C A n . 
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Let 7Ts : A n — > A' 5 be the projection. For a T-invariant open neighborhood U 
around ao in ^4 we let is ■ U s — > j4 5 be the corresponding inclusion. For the 
subset S 1 = {1, • • • , m} (m < n) we write ^4 m = A s , 7r = 7r,s : ^4 n — > j4 m and 
h = hs : A m — > A n for simplicity. 

We recall that Pin - (2) acts on R via the map Pin - (2) — ► {±1}, hence V 
acts on R via the projection V — > Pin - (2), by which the torus T n = (R/Z) n 
becomes a T-space. We now take a fixed point to i n T and consider the 
following exact sequence 

-> KO q T {{f n ,f n-1 ) x Rf) ^ KO«(T n x Rf) £ KO q v {f n - 1 x R p ) -►, 

where the first term is K Of ( (T n , f n- 1 ) x (W U { cxd } , { cxd } ) ) , which is identified 
with iTOp(T ra-1 x R 1+p ) by excision. Then j* is identified with the push- 
forward map i\ : KO\(f n - x x R 1+ p) -> KO\(f n x RP) induced from a 
T-open embedding i : R — > T 1 onto a neighborhood of to- Since tt* give a 
right-inverse of h* , the sequence is split and we obtain an isomorphism 

u+tt* : KO\ (f n-1 x R 1+p ) KO q T {f n ^ x R>) -> KO q T {T n x RP). 

By induction on the cardinal number \S\ of S we see 
Lemma 31. The following map is an isomorphism: 

Yl ^(ts)! : ©■K'OJICR 5 x RP) -> KO q T {f n x RP). (12) 

5c{l,-,n} S 

Remark 32. It is easy to see the decomposition of (|12[) still holds when we 
replace KOr by other i^-groups as KSpr±n, Ksp, KR and K. We shall also 
use these isomorphisms later. 

For each subset S C {1, • • ■ , n} we fix an identification S with {1, • • • , |5|} 
as sets. Then it induces an identification R 5 with R' S 'L If \S\ is even, we 
define the Bott class /3(R 5 ) 6 ifO[^(R s ) C KO l ^ l (R s ) to be /3(RJ 5 I) under 
this identification. The Bott periodicity theorem then asserts that KO^(R s ) 
is freely generated by the Bott class /?(R ) as a KO-T |S| (pt)-algebra. 

Let p be a non-negative integer and suppose \S\ is even. Then by definition 
we have 

e(RP)/3(R s ) = i*(3(R p © R s ) e iTO£ +|5| (R 5 ) c KO£ +|S| (T n ), 

where i : R s — > R p © R 5 is the inclusion. More generally if p + \S\ is even 
then the right hand side is still defined, so we may write it as e(RP)/?(R s ). 
Then one can immediately see the following product formula: 

e(R p )/?(R s )e(R p ')/?(R 5 ') = e(R p+p ' +lSnS ' [ )P(R SuS ') (13) 
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for any subsets S, S' C {1, • • • , re} and integers p,p' > with |5| +p, \S'\ +p' 
even. 

Remark 33. Even if p or \S\ is not even it is possible to define (3(R S ) and 
e(R p ) separately so that the above two (equivariant) product formulae hold, if 
one uses the notion of A'O-group with local coefficients . However in this 
paper we do not introduce this notion, since the above definition is sufficient 
in our calculation. 

9 Proof of Theorem U 

Let I be a positive even integer. Let Vq = T n X IL X , Wq = f n x tl x+l be 
the product bundles over T n , and let Vi, W\ be symplectic bundles over T n . 
We assume the difference [Vi] — \W\] G Ksp(T n ) satisfies the condition of 
Theorem ^ Suppose we have a proper Pin - (2)-equivariant fiber-preserving 
map tp : Vq © Wq — ► V\ @ W\ which induces the identity on the base space 
T n and whose restriction 930:^0^ Wq is given by the standard inclusion 

-> ii x+l . 

We use the projection T — > Pin" (2) to regard Vx, W\ as T-equivariant 
bundles. Let Tq = U(l) be the subgroup in T, so the quotient T/Tq is iso- 
morphic to C4. Using the projections r — > C4 — > {±1} we regard Vb, Wo as 
C4-equivariant bundles, and also T-equivariant bundles. In this setting ip is a 
T-equi variant map. 

We first calculate KO* c -degree a vo of y?o- After stabilization by the iden- 
tity map on T n x R if necessary, we may assume that x is even. Then 
i*(3(R x+l ) = (3(R. x )e(R l ), and so we have 

a V0 =e(K l )e KO l C4 (pt). 

We next calculate the AOp-degree a v £ AOp~ 4fc (T n ). In the decompo- 
sition of Ksp(T n ) we take a(3n(R s ) as a generator of Ksp(R s ) = Z when 
|5| = 4 (mod 8), by which we identify as with an integer. On the other hand 
when \S\ = 2, 3 (mod 8) we choose an integer as as an lift of as £ Z/2. Then 
Lemma QUI implies that, after stabilization by the identity map on some sym- 
plectic bundle over T n , we may assume that the symplectic bundles V±, W\ 
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take of the form: 



Vi = aHy +A+k , A= ks|2 4p , 

|S|=8p+2,8p+3,8p+4, 

\as\ times 



W^cjW® Tr* s f* s (a(H< s Xp)®---ell< s Hp))) 

|S|=8p+4 

| ag | times 



© 7T* s r s zJ sl (a(U< s \p) © • • • H< s \p)) 

|S|=8p+2,8p+3 

where i q (q = 8p + 2, 8p + 3) is the extension of the inclusion i q : R 9 x {0} — > 
R 8p+4 to the one-point compactifications, and where fg '■ T s — > R 5 U {oo} = 
R.' 5 ' U {oo} is a {±l}-equivariant map obtained by shrinking the complement 
of a neighborhood of the fixed point (to, ■ ■ ■ , to) in T s to the one point {oo}, 
and where e(S) ="+" when as > 0, and e(S) ="— " when as < 0. By 
Corollary 1201 the second equation of Lemma becomes 

ovetHxf = e(B})e(n x )y+ A - A ^ ]J ir s f s e(H< s \p)) 

|S[=4, a s ^0 

x II K s rsi\s\e(Il e{S) (p)), (14) 

151=2,3, a s ^0 

where A\ is the cardinal number of subsets S satisfying \S\ = 2,3,4 and 

Proposition 34. Let I be a positive even integer. Suppose a v € -frOp _4fc (T n ) 
satisfies the equation JHJ). Let (&p)s G KO l I T 4:k (R s ) be the component of 
OV € ivrO|r 4A: (r n ) in the decomposition of KO l f ik (f n ). If \S\ is even then 
we have 



'eiVs2'/ 2 " fc -l 5 l/ 2 - 1 ([R] (i - [R] d )/3(R 5 ), d = mod 8, 

e Ar s2 V2-MS|/2-i([ Co ] d + (torsion))^(R 5 ), d = 2 mod 8, 

e iV s 2V2-fc-|5|/2-2Q R](i _ [R] d ) j g(R.S) > d = 4 mod 8, 

eNs2 l/2-k-\S\/2-x Q Co ] d + ( torsion ))) /3(R5) ) d = 6 mod 8, 



where d = I — 4k— \S\ and e = ±1. Moreover if d = 2 (mod 8) and I > 4 then 
(a^s has no component in the torsion subgroup and Ns2 lj/2 ~ k ~\ s \/ 2 ~ 2 is an 
integer. 

To prove this we use the following lemma: 
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Lemma 35. Let c> be even, i > and d even. Suppose a e KO« +2t (R 2i ) 
satisfy the equation 

ae(Hx) c = ane(H 1 ) n e(R 4c+d - 4n )/3(R 2i ) G KO* c+d+2i (R 2i ), 

0<n<c+d/4 

where o„£Z (0 < n < c + d/4). Then we have 
a = 

'j]a n (-l) c + (i / 4 " n 2 c+d / 2 - n - 1 ([R] d - [R] d )/?(R 2i ), d = mod 8, 

£ an (_l)c+d/4-n+i/2 2 c+d/2-n-i ([C ]d + (torsion)) /?(R 2 *), d = 2 mod 8, 
' £ a n (-l) c+cf / 4 - n 2 c+d / 2 - n - 2 ([R] d - [R] d )/3(R 2i ), d = 4 mod 8, 

£ a n (-l) c + d / 4 -™+ 1 /2 2 ^/2-n-i Q Co j d + (torsion)) /?(R 2 *), d = 6 mod 8. 

Moreover if d = 2 (mod 8) and a n = for all n with c+d/4 — 1 < n then a has 
no component in the torsion subgroup and Yl a n (— l) c+d / 4-n+1 / 2 2 c+rf / 2-n ~ 2 
is an integer. 

Proof. From Lemma|2Hlwe see the complexification c(a) 6 ffp +2i (pt) = R(T) 
satisfies 

tr(i 2 |c(a)) = tr(t\c(a)) = 0, tr(j|c(a)) = £ a n (-2i) 2c+d / 2 - 2 ™2"- c , 

since c(e(Hi)) = 2[C (0) ] - [Hi] and c(e(R 2 )) = [C {3) ] - [C (1) ]. This implies 
c{a) is in the subgroup R{C^) and 

c(a) =5> n ([C (3) ] - [C (1) ]) 2c+d / 2 - 2n ([C (0) ] - [C (2) ])"- c . 

Since the kernel of c : KO^ +2% (pt) — ► iTp +2j (pt) is the torsion subgroup by 
Lemma IT5| we get the equation for a. 

When d = 2 (mod 8) Corollary 1241 shows the torsion subgroup is generated 
by [H m ]d (m > 1). Suppose a has a nontrivial [H m ]^-component. Let mo 
be the maximal of such m. Note [H mo ] d [D c ] = [H |mo _ 2c |] d + [H| mo+2c |] d . It 
implies that ae(H 4 ) c has a nontrivial [H| mo+2c |]d-component. On the other 
hand if we assume a n = for all n with c + d/4 — 1 < n, then we see from 
Lemma 12^1 [271 that 

£ a n e(H 1 )"e(R 4c+d - 4 ") = £ ^(-i^-n+i^^+^-n- i [Co ] 4c+d , 

0<n<c+d/4 n 

which is a contradiction. 

Moreover if £ an (_i)c+d/4-n+i/2 2 c+d/2-n-i were oddi 

ae(H 1 ) c = ^a n (-l) c + rf / 4 -™+ 1 /2 2 2^/2-n-i[c ] 4c+d + [H 4c ] 4c+d , 
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which is also a contradiction. □ 

Proof of Proposition \3A We consider the right hand side of (|14|) on 

S C {I,-- - ,n}. Since -[R]e(R 2 ) = e(R 2 ), we use ([T3]L Lemma 1251 and 
Corollary 1301 to get the expansion: 

N(S,m)e(U 1 y +A - m e(-R l+4m -^)p(K s ), 

S m>0 

where e is 1 or —1. We may assume y is large enough and y + A + k is even. 
We then apply Lemma ESI for c = y + A + k > 0, <i = Z — 4/c — 2i = 
n = y + A — m > 0, = N(S, m) and a = (a^s- Since c + d/2 — n = 
l/2-k-\S\/2 + m, c+d/A-n = l/A-\S\/A+m > 1/4 > 0, andc+d/4-n > 1 
for I > 4, we have the conclusion. □ 

Now we prove Theorem^ Suppose the inequality were not satisfied. Then 
by the standard inclusion Tcl x+l — > R, a; +'+ z for some z > we may assume 
Z = 2k + \ S\ — 2ds + s{k + e?s) — 1. Theorem ^ then immediately follows from 
Proposition El i n the cases other than k + ds = 2 (mod 4), so we consider this 
case. Let ip : Hi — > R 3 be the Pin - (2)-equivariant map defined by ip(q) = qiq, 
where Pin - (2) acts on Hi by right multiplication. Then by considering the 
direct sum ip © -ip. we have the inequality / + 3 > 2(k + 1) + IS"! — 2ds + 3, 
since (k + 1) + ds = 3 (mod 4). This completes the proof of Theorem ^ 

The equation in Introduction follows immediately since ko /?h(R 4 ) = 
/? C (C 2 ) by LemmalHand 

\Vi] - [Wx] = ka[H] + a s apu(R S ) + (torsion) G Ksp{f n ). 

5C{1,-,™},|5|=4 

10 Proof of Theorem |2l 

Let X be a connected closed oriented spin 4-manifold with indefinite inter- 
section form. Let k = — sign(X)/16 and / = b + (X) > 0. We write the spinor 
bundle of X as S + {TX) © S - (TX) = S + © S - for simplicity. Take a Rie- 
mannian metric g on X. Then we consider the monopole equation [2f)j as the 
map: 

$ : V = Ker((f : ft 1 -> 0°) © F(S+) -» W = 0+ © ff^X; R) © T(S - ), 

(a, s) h-> P(a, s) + Q(a, s), 

where P is a linear map and Q is a quadratic form which are constructed as 
follows: Let vr : Ker (d* : tt 1 0°) i? x (X;R) be the projection to the 
harmonic part and D : r(S' + ) — ► T(S~) the Dirac operator of X. Then the 
maps P and Q are defined to be 

P(a,s) = (d + a, 7r(a), Ds), Q(a,s) = (q(s),0,c(a)s), 
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where q : S + — * A + is the quadratic map formed from a nontrivial quadratic 
Spin (4)-equivariant map — ► A + (R 4 ). 

We should remark that if we regard [/(l)-connection on the trivial 

complex line bundle over X then the differential operator D a : T(S + ) — * 
r(5~) defined by D a s = Ds + c(a)s is the Dirac operator twisted by a, and 
d + a is the self-dual part F+ of the curvature of a. 

The gauge symmetry of the monopole equation induces the following sym- 
metry: Choose a base point xq in X. Let p : X — > Hom(H (X; Z), R/Z) 
be the Albanese map, which is given by i; £ I -» {w -> J^, a; mod Z}. Let 
p : H X (X;Z) -» C°°(X,R/Z) be the adjoint map of p. Then the actions of 
Z) on n x ,T(S + ft + are respectively defined by 

h-a = a + h, h ■ s = e^^'s, ■ 6 = 6 for € ^(XjZ). (15) 

We introduce the diagonal actions of H l (X; Z) on V and W. Since the projec- 
tion V — > H X (X; R) is H X (X; Z)-equivariant, it descends to the vector bundle 
V = V/H X (X;Z) over the Jacobian torus J x = H X (X;R)/H X (X; Z) with 
the decomposition V = Vo © Vi into the product real bundle Vo = Jx x K 
(K = Ker d*nH x (X; R)" 1- ) and a complex vector bundle Vi over Jx with fiber 
Similarly we see the projection W — > H l (X; R) descends to the vector 
bundle W = W/H X (X; Z) over Jx with the decomposition W = W © Wi 
into the product real bundle Wo = Jx x & + and a complex vector bundle Wi 
over Jx with fiber T(S~). Then $ induces a T-equivariant fiber-preserving 
map 

VoffiVi^WoffiWi. 

We should note that the restriction «3>o : Vo — » Wo of $ is given by the linear 
injective map d + : K —* + . 

The compactness of the moduli space implies that the inverse image <i> -1 (0) 
of the zero section is compact. 

Moreover the spin structure of X provides an extra symmetry ^H], |26| : 
The linear involution on Q 1 , Q + and quaternionic scalar multiplication on 
r(S ,=t ) induce Pin~(2)-actions on V, W via the projection Pin - (2) — > {±1} or 
the inclusion Pin - (2) — > Sp(l), which respectively induce Pin - (2)-actions on 
V, W, so that $ is Pin - (2)-equivariant. 

By a finite-dimensional approximation ^2j, we get a proper Pin - (2)- 
equivariant fiber-preserving map: 

ip : Vo © Vi Wo © Wi 

such that (i) Vq = J x x R a , W) = Jx x R s+ ' for some x > 0, (ii) ^ induces 
the identity on the base space Jx, (in) the restriction ipo : Vo — > Wo of </3 is 
given by the standard linear inclusion R^ — > R 1 ' 4 "' , (iv) lq , Wi are symplectic 
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bundles over T n whose difference [Vi] — [W±] G Ksp(T n ) is the index bundle 
Ind ID of the family of Dirac operators parameterized by Jx ■ 

B : (H\X; R) FiS+^/H^X; Z) -> (H^X; R) r(5-))/if 1 (X; Z), 

[(a,*)] h+ [(a, A,*)]. 

We next calculate IndB by identifying it as the index bundle for a family 
introduced by G. Lusztig [20]: We take a basis x\, ■ ■ ■ , x n of H l (X; Z), so that 
J x is identified with the Real torus f n = (R/Z) n . Let T n = R n /Z n be n- 
dimensional torus with the trivial involution. Let Z n x Z n act on R n x R n x C 
by 

(zi , z 2 ) ■ ( n , r 2 , c) = (n + zi , r 2 + z 2 , e 27r ^ Zl ^ c) , 

where (,) is the standard inner product on R n . The orbit space L = (R n x 
R n x C)/ (Z n x Z n ) is then a Real line bundle over T n x T n with the involution 
— 1 defined by 

(-1) • [(ri,r 2 ,c)] = [(ri,-r 2 ,c)]. 

Put Lx = (p x id^ n )*L. If we denote by ir : X x f n — > T n the projection, 
we have a Z/2-graded symplectic bundle (7r*S + Lx) © (7T*,? - Lx) over 
X x T n and a symplectic family of Dirac operators 

B' : r(^*5+ (8) L x ) -» r(vr*5- ® Lx) 

parameterized by T n . Then it may be obvious from the action ()15|) that 
IndB = IndB' 6 Ksp(f n ). 

Hence, as shown in |2()| and [22]) the cohomological formula of the index 
theorem for families 6. indicates 

ch(Vi) - ch(Wi) = 2k + £ ([] a*, [X]) /\ d&. 

5c{i,-,n},|5|=4 ieS ies 

The equation © then follows from Q in Introduction. 

We next describe how the map Q in Introduction comes from the index 
IndB. Recall that, under the identification R 11 = C, f3 c (R 1 ' 1 ) G A'i?(R 1 ' 1 ) 
is the Bott class (3c, (C) together with the involution given by complex conju- 
gation 2 . Then it is easy to show 

M= II ^ } (%})!([C]+/3c(R M ' M )) 

l<g<ra 

= ^ 7r s'( i S')!/?c(R 5 ' S ') G KR(T n x T n ), (16) 
5c{l,-,n} 
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where R 5 ' S = Map(5,R 1 ' 1 ) and /3 C (R 5 ' S ) G ifi^R 5 ' 5 ) is the Bott class 
corresponding to /3c(R' S ''''' S '') G if ^(Rl 5 !'! 5 !) under the identification R^' 5 = 
RjS|,|S| for each 5C {l,--- 

Since the symbol class of the Dirac operator D is just the Bott class 
fln(TX) £ KSp(TX) = Ksp(TX), we use the index theorem for families 
[7] (see also [H3 Section 16]) to get 

IndD = (ix id fn )i{p x id f „)*[L] G Ksp{f n ) KR- 4 (f n ), 

where i : X — ► pt is the constant map. Substituting (|16|) for [L] and applying 
the periodicity isomorphisms 

Ki^R 5 ' 5 ) ifO |s| (R 5 ), KiT 4 (R 5 ) ^ ETO |5|+4 (pt) 

(see SectionEJ), we deduce that (|5| =2 or 3) is zero if and only if the map 
(jSJ) is zero. 
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